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Abstract
The minimal seesaw framework, embroiling the Dirac neutrino mass matrix MD and the Majorana
neutrino mass matrix MR, is quite successful to explain the current global-fit results of neutrino
oscillation data. In this context, we consider most predictive forms of MD and MR with two
simple parameters. Considering these matrices, we obtain the low energy neutrino mass matrix
under type-I seesaw formalism which obeys µ − τ reflection symmetry and predicts θ23 = pi/4
and δ = ±pi/2. In the given set-up, we also evaluate the Baryon Asymmetry of the Universe
(BAU) through successful leptogenesis and find that perturbation of O(10−2) leads to the observed
BAU and breaks exactness of the symmetry. Moreover, we also perform various correlation studies
among different parameters in the framework of broken symmetry. Finally, we add a remark
that the concerned model is consistent with the current global-fit data only for the normal mass
ordering.
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I. INTRODUCTION
In spite of its remarkable success, the Standard Model (SM) of particle physics fails to
address the non-zero nature of neutrino mass. On the other hand, a large variety of neutrino
oscillation experiments over past two decades have established the fact that neutrinos possess
non-zero mass and their different flavors are substantially mixed [1]. On the theoretical
perspective, one of the simplest ways to describe the origin of neutrino mass is to add at
least two right-handed neutrino fields, NµR, NτR, into the SM [2]. The SM gauge invariant
Lagrangian containing the neutrino Yukawa matrix and the Majorana neutrino mass matrix
in the diagonal basis of charged-lepton Yukawa matrix is given by
− L ⊃ LαL YνNRH˜ +
1
2
NTRCMRNR + h.c. , (1)
where LαL (for α = e, µ, τ) is the left-handed lepton doublet, Yν represents the neutrino
Yukawa matrix and H˜ = iσ2H
∗ with H being the Higgs doublet. Here, MR is the right-
handed Majorana neutrino mass matrix with NR = (Nµ, Nτ )
T
R and C denotes the charge-
conjugation matrix. Once the Higgs field attains its vacuum expectation value (vev), i.e.,
v = 〈H〉 ≈ 174 GeV [1], one obtains the Dirac neutrino mass term as ναLMDNR + h.c.,
where MD = vYν is the Dirac neutrino mass matrix. In the type-I seesaw formalism [3–7]
after integrating out heavy right-handed neutrino fields one finds light neutrino mass matrix
as, Mν ≈ −MDM−1R MTD and diagonalization of Mν leads to three active neutrino masses,
m1,m2,m3
1.
Besides the theoretical origin of neutrino mass, neutrino flavor mixing is another mys-
tifying issue which is yet unknown. In that context, symmetry based studies have been
quite successful to explain the observed mixing pattern of neutrinos [8–12]. In recent
years, µ − τ flavor symmetry advances as a well nurtured theory to explain flavor mixings
of neutrinos which anticipates |Vµi| = |Vτi|, (for i = 1, 2, 3) where V is the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix. This symmetry predicts the maximal 2− 3 mixing
angle, θ23 = pi/4 and the maximal Dirac CP-phase, δ = ±pi/2 along with the trivial Ma-
jorana phases, ρ, σ = 0, pi/2 which was originally proposed in Ref. [13] (for recent review
see Ref. [14] and the references therein). Because of these interesting consequences which
1 Note that in the minimal seesaw formalism lightest neutrino is always massless.
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are also compatible with the global-fit results of neutrino oscillation data [15–17], µ − τ
reflection symmetry recently attracts a lot of attention [18–36].
Furthermore, formulation of Baryon Asymmetry of the Universe (BAU) through success-
ful leptogenesis (which was originally outlined in Ref. [37]) is another finest issue which also
need to be understood yet. Interestingly, it has been observed in the class of minimal see-
saw models that the CP violating phase at the low energy can be related to BAU through
successful leptogenesis [38–40]. This may provide one-to-one correspondence between the
lepton asymmetry of the universe with the CP violating phase in the leptonic sector.
In this study, we consider modified Dirac neutrino mass matrix MD as conjectured in
littlest seesaw model [41–52] along with non-diagonal Majorana neutrino mass matrix MR .
The essential purpose of considering such a mass model is manifold. One of the noticeably
important point about this model is that it is based on a minimum number of indepen-
dent parameters and predicts normal mass ordering (NO) among the active neutrino masses
(i.e., m3 > m2 > m1)
2. Moreover, the predictions of the concerned symmetry are in well
agreement with the current global-fit results of neutrino oscillation data [15–17]. Also, the
ongoing neutrino oscillation experiments like NOνA [53] and T2K [54] show a very good
agreement with this result. Based on the given model structure, we advance to estimate
the BAU via leptogenesis in our study. However, we find that only the explicit breaking of
such an exact symmetry is able to explain the observed BAU. Later, considering this break-
ing pattern we proceed to discuss different correlations among various neutrino oscillation
parameters as well as model parameters.
Outline of this work is as follows : in next section (II), we present a detailed description
of the concerned model which is followed by µ− τ reflection symmetry and its predicitions.
Section (III) is devoted to a detailed study of leptogenesis where we illustarte the importance
of the explicit symmetry breaking to achieve successful leptogenesis. In section (IV), we
perform various correlation studies considering the breaking pattern of the µ− τ reflection
symmetry. Finally, we summarize our main results in section(V). In Appendix (A), we show
µ− τ reflection symmetry in Mν considering a different texture of MD.
2 Note that there exists another possible neutrino mass pattern of the form m2 ≈ m1 > m3 which is known
as inverted mass ordering (IO). Recent results of neutrino oscillation experiment, NOνA [53] disfavors (
IO, δ = pi/2) with greater than 3σ.
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II. GENERAL FRAMEWORK
In this section, we present a general formalism of µ− τ reflection symmetry considering
minimal seesaw framework. This symmetry was originally proposed for the left-handed
neutrino fields [13] where one can write the field transformation as
νeL ↔ νceL, νµL ↔ νcτL, ντL ↔ νcµL . (2)
Such transformations lead to the low energy light neutrino mass matrix Mν as
Mν =

mee meµ κm
∗
eµ
− mµµ mµτ
− − m∗µµ
 , (3)
where κ = ± and Mν is a symmetric matrix.
Considering the standard PDG [1] parameterization, one can reconstruct the elements of
Mν using the unitary mixing matrix which can be parameterized as
V = PlUPν ,
=

eiφe 0 0
0 eiφµ 0
0 0 eiφτ


c12c13 s12c13 s13e
−iδ
−s12c23 − c12s13s23eiδ c12c23 − s12s13s23eiδ c13s23
s12s23 − c12s13c23eiδ −c12s23 − s12s13c23eiδ c13c23


1 0 0
0 eiρ 0
0 0 eiσ
 ,
(4)
where cij(sij) = cos θij(sin θij) (for i < j = 1, 2, 3), φe,µ,τ are the unphysical phases which
can be absorbed by the rephasing of charged lepton fields (lαL, α = e, µ, τ) whereas ρ, σ are
the two Majorana phases. In the framework of µ− τ reflection symmetry, one can find six
predictions 3, namely,
Unphysical phases→ φe = 0, φµ = −φτ ≡ φ
CP phases→ δ = ±pi/2, ρ, σ = 0 or pi/2 ,
(2− 3) mixing angle→ θ23 = pi/4 . (5)
Thus, Mν can be written as,
Mν = V diag(m1,m2,m3)V
T , (6)
3 A detailed study about the predictions of µ− τ reflection symmetry has been presented in Ref. [34, 55].
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where mi’s (i = 1, 2, 3) are the masses of light neutrinos. Also note that in the minimal
seesaw formalism det(Mν) = 0 which implies det(m1m2m3) = 0 and thus there is a freedom
of choice to assign overall effective Majorana phase. In this study, we assign Majorana phase
σ with mass m2. After solving eq. (6), the analytical forms of low energy neutrinos mass
matrix elements under µ− τ reflection symmetry can be written as
mee = m1c
2
12c
2
13 +m2s
2
12c
2
13 −m3s213 ,
meµ =
eiφ√
2
{−m1c12c13(s12 + ic12s˜13) +m2s12c13(c12 − is12s˜13)− im3c13s˜13} ,
mµµ =
e2iφ
2
{
m1(s12 + ic12s˜13)
2 +m2(c12 − is12s˜13)2 +m3c213
}
,
mµτ =
1√
2
{−m1(s212 + c212s213)−m2(c212 + s212s213) +m3c213} , (7)
where m2 = ±m2 and ‘±’ is for σ = 0 or pi/2, also s˜13 = ±s13 for δ = ±pi/2. Note that in
the minimal seesaw formalism m1(m3) = 0 for NO (IO).
The low energy neutrino mass matrix Mν as given by eq.(3) and its elements as mentioned
in eq.(7) can also be considered as a consequence of the type - I seesaw mechanism. In this
context, we consider different scenarios of Dirac neutrino mass matrix, MD as conjectured
in littlest seesaw model as [45, 49],
SI : MD =

0 beiη/2
a nbeiη/2
a (n− 2)beiη/2
 , SII : MD =

0 beiη/2
a (n− 2)beiη/2
a nbeiη/2
 ,
SIII : MD =

beiη/2 0
nbeiη/2 a
(n− 2)beiη/2 a
 , SIV : MD =

beiη/2 0
(n− 2)beiη/2 a
nbeiη/2 a
 , (8)
whereas we consider Majorana neutrino mass matrix MR as
MR =
r1eiφm r2
r2 r1e
−iφm
 . (9)
Now, considering n = 1 and η = (2l + 1)pi (l = 0, 1, 2, ...), we obtain MD for SI as
MD =

0 ib
a ib
a −ib
 . (10)
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For φm = (2m+ 1)pi with m = 0, 1, 2, ..., Majorana neutrino mass matrix becomes
4,
MR =
−r1 r2
r2 −r1
 . (11)
Given the above (see eq.(16)) (2 × 2) matrix, one can always diagonalize it using a trivial
mixing matrix of the form,
U23 =
1√
2
 1 1
−1 1
 . (12)
Thus MR becomes,
M̂R = U
T
23MRU23 ,
=
−r1 − r2 0
0 r2 − r1
 . (13)
This transformation changes MD to be
M̂D =
1√
2

−ib ib
a− ib a+ ib
a+ ib a− ib
 . (14)
Now, given the form of Dirac and Majorana neutrino mass matrices (as given by eqs. 14,
13), one can construct the low energy neutrino mass matrix Mν considering type-I seesaw
mechanism as
−Mν = M̂DM̂−1R M̂TD . (15)
Using eq.(14) and eq.(13) in eq.(15), we find
−Mν = 1
r21 − r22

b2r1 (b
2r1 − iabr2) −(b2r1 + iabr2)
∗ − (a2 − b2) r1 − 2iabr2 − (a2 + b2) r1
∗ ∗ − (a2 − b2) r1 + 2iabr2
 . (16)
This texture of Mν respects the µ − τ reflection symmetry as it has the same form as
described by eq. (3). Also the noteworthy output of this texture is that it predicts maximal
4 Note that φm = 2mpi with m = 0, 1, 2, ..., changes r1 → −r1, leading to an overall sign difference in
eq.(16).
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atmospheric mixing angle along with maximal value of leptonic CP violating phase which
are in good agreement with the latest oscillation results [15–17]. Note here the importance
of off-diagonal term of eq.(9) as r2 → 0, Mν becomes a real symmetric matrix which obeys
µ − τ permutation symmetry [56] and leads to a vanishing mixing angle θ13 which is ruled
out by current data. One can also write eq.(16) as
Mν =

A B −B∗
∗ C D
∗ ∗ C∗
 , (17)
where A,D are real and
A = b2r′1 ,
B = (b2r′1 − iabr′2) ,
C = − (a2 − b2) r′1 − 2iabr′2 ,
D = − (a2 + b2) r′1 , (18)
with r′1,2 = r1,2/(r
2
1 − r22) 5. At low energy, one can make one to one correspondence among
the matrix elements of eq.(17) and eq.(3). Further, we find that the matrix elements of Mν
are not fully independent and they are correlated as
Re(B) = A , 2Im(B) = Im(C) , 2Re(B) +D = Re(C) . (19)
Imposing the conditions mentioned in eq.(19), one can re-write high energy neutrino mass
matrix elements in terms of low energy parameters of eq.(18) as
b2
a2
=
∣∣∣∣ A(A+D)
∣∣∣∣ ,
r′1
r′2
=
r1
r2
=
∣∣∣∣ 2Im(C)√−A(A+D)
∣∣∣∣ . (20)
In order to better understand of high energy parameters in terms of low energy neutrino
mass matrix elements, we make expansion of eq.(20) in the framework of µ − τ reflection
5 The analogous form of Mν as given by eq.(16) can also be constructed by considering other scenarios (SII,
SIII, SIV) of MD which we will discuss in Appendix A.
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symmetry. Considering two small parameter, ζ = m2/m3 and θ13, we find
b2
a2
' − 2ζs212 + 2θ213 − ζθ213(3− 5 cos 2θ12) +O(ζ2θ213) ,
r1
r2
' 2s12
√
2ζ
sin 2φ
− ζ
3/2(1 + 5 cos 2θ12)s12√
2 sin 2φ
−
√
2θ213√
ζs12 sin 2φ
− 4
√
2θ13ζ
3/2c12s
2
12 cos 2φ
sin2 2φ
+O(ζ2θ213) . (21)
Before proceeding further with the phenomenological descriptions, we first present here
the simulation details that have been carried out throughout this paper. We also like to
emphasize that while performing numerical analysis, we do not assume any approximations.
All the analyses are based on exact formulation. We treat both the parameters (a, b) of MD
and (r1, r2) of MR as free parameters in the numerical simulation and vary them as
a, b ∈ [−1, 1] v, r1, r2 ∈ [1012, 1015] GeV . (22)
While performing numerical analysis, we use the nested sampling package Multinest [57–59]
for the parameter scan with an assigned χ2 function based on the latest global-fit analysis
of neutrino oscillation data [17]. The Gaussian-χ2 function that we use in our numerical
simulation is defined as,
χ2 =
∑
i
[
ξTruei − ξTesti
]2
σ [ξTruei ]
2 , (23)
where ξ = {θij,∆m221, |∆m231|} with (ij = 12, 13, 23), represents the set of neutrino oscilla-
tion parameters. Also, ξTurei represent the current best-fit values from the global analysis of
neutrino oscillation data [17] whereas ξTesti correspond to the predicted values for a given
set of parameters in theory. We also symmetrize standard deviation, σ
[
ξTruei
]
considering
1σ errors as given by Ref. [17].
Using the current best-fit values of neutrino oscillation data [17], we find b/a '
0.26, r1/r2 ' 2.1 for ζ ' 0.17, θ13 ' 0.15 and φ ' 185◦ from eqs. (21). These results
are in well agreement with our numerical results as shown in fig.(1). Further, as we notice
that µ − τ reflection symmetry does not shed any light on the mixing angles, θ12, θ13, we
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FIG. 1: Correlation plots among high energy neutrino mass matrix elements.
express the mixing angles in terms of model parameters as
θ13 = ∓ arctan
[
1√
2
Im (C ′)
Re (B′)
]
;
= ∓ arctan
[
1√
2
(a2 − b2)r′1 sin 2φ− 2abr′2 cos 2φ
b2r′1 cosφ− abr′2 sinφ
]
;
θ12 =
1
2
arctan
[
− 2
√
2 cos 2θ13Re (B
′)
c13 [Re(C′)(s213 − cos 2θ13) +D(s213 + cos 2θ13) + Ac213]
]
=
1
2
arctan
− 2
√
2 cos 2θ13(b
2r′1 cosφ− abr′2 sinφ)
c13[(b
2 − a2)r′1 cos 2φ− 2abr′2 sin 2φ)(s213 − cos 2θ13)
− (a2 + b2)r′1(s213 + cos 2θ13) + b2r′1c213]
 , (24)
where, C ′ = Ce−2iφ, B′ = Be−iφ and ‘∓’ represents the sign corresponding to the value of
δ = ±pi/2. Moreover, in this scenario we calculate φ in terms of model parameter as,
φ =
1
2
arctan[±(b2 − a2)r1,∓2abr2] + 2pic1, c1 Z. (25)
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Furthermore, the masses of the light neutrinos corresponding to NO can be calculated as,
m1 = 0 ,
m2e
2iσ =
2
√
2Re(B′)
c13 sin 2θ12
,
=
2
√
2(b2r′1 cosφ− abr′2 sinφ)
c13 sin 2θ12
,
m3 =
2
√
2Re(B′)
c13 sin 2θ12
+ 2D − A ,
=
2
√
2(b2r′1 cosφ− abr′2 sinφ)
c13 sin 2θ12
− 2(a2 + b2)r′1 − b2r′1 . (26)
Having discussed the novel features of µ− τ reflection under the minimal seesaw model, we
now proceed to address another intriguing aspect of particle physics and cosmology, namely
Baryon asymmetry of the Universe (BAU). In next section, a detailed study on BAU arising
from the asymmetry between leptons and antileptons, vastly known as leptogenesis, has been
performed.
III. LEPTOGENESIS
It is well known that the CP violation at the low energy can be correlated with the CP
violation at the high energy in the seesaw framework [38–40]. The CP violating, out of
equilibrium and lepton-number-violating decays of heavy right-handed Majorana neutrinos
(Ni) provide a natural way to explain the lepton asymmetry or leptogenesis of the universe
which was first proposed in Ref. [37] (see Ref. [60] for a review and the references therein).
The asymmetry generated due to the decay of lightest heavy neutrino N1 into the lepton
doublet lα corresponding to flavor α(≡ e, µ, τ) and Higgs doublet H can be expressed as [61]
ε1α ≡
Γ(N1 → Hlα)− Γ(N1 → H†lα)
Γ(N1 → Hlα) + Γ(N1 → H†lα)
, (27)
where lα are the leptonic fields corresponding to antiparticles. Finally, this asymmetry will
be converted into BAU through sphaleron process [62]. One can calculate this asymmetry
in terms of Dirac neutrino Yukawa couplings in diagonal Majorana neutrino mass basis as
[61, 63, 64]
εα ' 1
8pi
Im[(Y †DYD)12(Y
†
D)1α(YD)α2]
(Y †DYD)11
f
(
M22
M21
)
. (28)
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Note that now onwards, we neglect super-script ‘1’ from ε1α for simplicity. Here f(x) is
the loop function which includes one-loop vertex and self-energy corrections of the decay
amplitude of right-handed neutrino field and is given by [61],
f(x) =
√
x
[
(1 + x)ln
(
x
1 + x
)
+
2− x
1 + x
]
. (29)
In the hierarchal limit of heavy right-handed Majorana neutrino masses, M1  M2 (i.e.,
x =
M22
M21
 1), one can approximate f(x) as
f(x) ' − 3
2
√
x
− 5
6x3/2
+ ... (30)
Using the first order approximation, we find the CP asymmetry in our case as [61]
εα ' − 3
16pi
Im[(Y †DYD)12(Y
†
D)1α(YD)α2]
(Y †DYD)11
M1
M2
. (31)
Now, we calculate the CP asymmetry, εα in this model using MD(≡ vYD) as given by
eq.(10). We find vanishing resultant CP asymmetry i.e., ε =
∑
εα = 0 with εe = 0 and
εµ = −ετ . Nonetheless, we observe non-zero CP asymmetry in the broken scenario of µ− τ
reflection symmetry [65]. Introducing explicit breaking term, , in the (3,1) position of MD
as given by eq.(10), one can write the modified form of MD as,
M ′D =

0 ib
a a+ ib
a(1 + ) −ib
 , (32)
which in the diagonal Majorana neutrino mass basis becomes
M̂ ′D =
1√
2

−ib ib
a− ib a+ ib
a(1 + ) + ib a(1 + )− ib
 , (33)
where  is the symmetry breaking parameter. This leads us,
M̂ ′†DM̂
′
D =
1
2
 2(1 + )a2 + 3b2 2(1 + )a2 − 2iab− 3b2
2(1 + )a2 + 2iab− 3b2 2(1 + )a2 + 3b2
 . (34)
Employing the above form, we calculate the final CP asymmetry by following eq.(31) as,
ε = − 3
16pi
M1
M2
∑
α
εα ,
= 
3
16pi
M1
M2
2ab (2a2 − 3b2)
v2(2a2 + 3b2)
, (35)
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where we used Y ′D = M
′
D/v. This asymmetry can be related to the final baryon asymmetry
as [62]
YB ' −12
37
κ
ε
g∗
, (36)
where YB is also known as the final baryon-to-entropy ratio and its current observed values
lie in the range, 8.55 × 10−11 < YB < 8.77 × 10−11 [66]. Here, g∗ = 106.75 is the effective
number of relativistic degrees of freedom which contribute to entropy of the Universe in the
SM. Note that here κ is the washout factor and is defined as [62]
κ ' (2± 1)× 0.02×
(
0.01eV
m˜1
)1.1±0.1
. (37)
Further, we calculate the effective neutrino mass parameter in our model as
m˜1 =
(M̂ ′†DM̂
′
D)11
M1
,
=
[(1 + )a2 + 3b2/2]
M1
. (38)
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FIG. 2: Correlation between high energy neutrino mass matrix elements. Here, all the magenta points have
χ2 < 30.
Having discussed the theory behind the baryogenesis via leptogenesis, we now proceed to
analyze the phenomenology of lepton-antilepton asymmetry in the given model. In fig. (2),
we demonstrate different correlations among high energy parameters which can explain cur-
rent neutrino oscillation data in their 3σ ranges. First panel shows the correlation between
model parameter, a, with the symmetry breaking parameter, . We notice from this figure
12
that a small value of non-zero  can lead to non zero CP- asymmetry as given by eq. (35).
We also observe that breaking parameter,  lies in the region ( −0.4→ 0.35) whereas most
favored parameter space is ∼ − 0.15. From second and third plot, we notice a linear rela-
tion between the parameters of M̂ ′D, (a, b) and the parameters of M̂R, (r1, r2). Comparing
these two plots with fig. (1), we observe mild widening among different parameters in the
latter case due to the deviation from exact µ − τ reflection symmetry. We also find model
parameter |a| falls in the range (0.1 − 0.8)v and |b| lies in (0.05 − 0.35)v whereas both the
variables of MR falls around ∼ 1014 GeV to explain latest oscillation results.
As it has been pointed out in Refs. [60, 62] that depending on the temperature regime
in which leptogenesis takes place, one can have fully distinguishable, partly distinguish-
able/indistinguishable lepton flavors. In order to understand temperature regime in the this
model (which is equivalent to find parameter space of the masses of heavy right-handed
neutrinos), in fig.(3), we show the allowed parameter space of M1 and M2 corresponding to
the heavy Majorana neutrino fields N1 and N2, respectively. As we notice that the mass of
the lightest heavy neutrino M1 is greater than 10
13 GeV, hence in the considered model only
possible leptogenesis is the unflavored leptogenesis [60, 62]. In the scenario, T ∼M1 > 1013
GeV, all the flavors are indistinguishable and the final total CP asymmetry is given by sum
of all the three flavors i.e., ε =
∑
εα[60, 62]. The analytical expression corresponding to
this scenario is given by eq.(35).
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FIG. 3: Correlation between heavy right handed Majorana neutrino masses in our model.
In fig.(4), we illustrate our numerical results for leptogenesis in substantial details. To
measure different observables related to leptogenesis, we consider allowed parameter space
of different high energy neutrino mass matrix elements (i.e., a, b) which are consistent with
13
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FIG. 4: Top row shows different observables which explain possible leptogenesis in our model. Whereas bot-
tom row explains the observed BAU of our model where black tiny band corresponds to current experimental
bound.
allowed range of neutrino oscillation data as given by fig. (2) whereas input values of the
lightest heavy Majorana neutrino mass is considered from fig.(3). From first row, we observe
that the effective neutrino mass parameter, m˜1 lies in the region 10
−2(eV) < m˜1 < 1(eV)
which falls in strong washout regions. In left plot, we show the behavior of model parameter,
a as a function of m˜1. On the other hand, we show wash out factor (κ) as a function of m˜1
where black dots are the current global-fit results corresponding to m˜1 ≡ msol ∼
√
∆m221 (as
marked as “sol”) and m˜1 ≡ matm ∼
√|∆m231| (as marked as “atm”) in right plot. Further,
we proceed to measure the amount of baryon asymmetry (YB) in the given framework as
shown in bottom row. We show baryon asymmetry as a function of symmetry breaking
14
parameter  as well as with effective neutrino mass m˜1. From, first plot of bottom row we
notice that a tiny breaking term of the order of ∼ 10−2 is able to generate sizeable amount
of baryon asymmetry. We find several points which satisfy current experimental bound on
baryon asymmetry (as shown by narrow black band) from both the plots of bottom row.
After presenting a general discussion on leptogenesis under the concerned seesaw formal-
ism, in next section we discuss the impact of breaking term on different neutrino oscillation
parameters.
IV. PHENOMENOLOGY WITH BROKEN µ− τ REFLECTION SYMMETRY
In this section, we perform various correlation studies among three flavor neutrino os-
cillation parameters given the framework of broken µ − τ reflection symmetry. Authors of
Refs. [29, 31, 34] have performed a detailed study on the breaking of such an exact symmetry
considering both one-loop renormalization group (RG) running as well as by introducing an
explicit breaking term in the high energy neutrino mass matrices. However, a mild devia-
tions from the exact symmetry has been observed considering RG running. Keeping this in
mind, we establish here a general set-up to break µ − τ reflection symmetry by an explicit
breaking term in the Dirac neutrino mass matrix MD. As one can notice that there exists a
number of possible ways to break such an exact symmetry by introducing explicit breaking
parameter in the various position of MD
6. Here, we give one example of such kind by
assigning a breaking term in the (3,1) position of MD which we renamed as M
′
D and can be
written as
M ′D =

0 ib
a ib
a(1 + ) −ib
 . (39)
6 Note that authors in Ref. [34] have discussed the breaking of such symmetries by assigning breaking term
in different places of MD and MR.
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This texture leads to the mass matrix for the light neutrinos through type-I seesaw formula
as
M ′ν ' Mν − a

0 0 ibr′2
0 0 (ar′1 + ibr
′
2)
ibr′2 (ar
′
1 + ibr
′
2) 2(ar
′
1 − ibr′2)
+O(2), (40)
where Mν is defined in eq.(16).
Now to figure out the impact of such a breaking scheme on the neutrino masses and
mixing angles, we diagonalize M ′ν with the mixing matrix V
′, which has the same form as
the mixing matrix V (see eq.(4)) in the limit  → 0. To calculate the neutrino masses and
mixing angles of eq.(40), we consider three small parameters , θ13 and ζ = m2/m3. We find
neutrino masses as
m′1 = 0 ,
m′2 ' m2 + ac12 sinφ
[
2c12χ1 −
√
2br′2s12
]
,
m′3 ' m3 −  2a cosφ χ2 , (41)
whereas neutrino mixing angles are expressed as
θ′12 ' θ12 − 
a sinφ
[√
2br′2 cos 2θ12 + 2χ1 sin 2θ12
]
2m3ζ
,
θ′13 ' θ13 − 
abr′2 sinφ√
2m3
,
θ′23 ' θ23 + 
a [ar′1 cos 2φ+ br
′
2 sin 2φ]
m3
, (42)
where χ1 = (ar
′
1 sinφ−br′2 cosφ) and χ2 = (ar′1 cosφ+br′2 sinφ). We now perform a detailed
description of our numerical analysis and present them in fig. (5) 7.
In first and second panel of fig. (5), we show different correlations among neutrino oscil-
lation parameters. On the other hand, we demonstrate our results in (
∑
mν×mee)-plane in
third panel, where
∑
mν represents the sum of absolute neutrino mass and mee signifies the
effective Majorana neutrino mass matrix element 8. In this figure, all the magenta points
7 Note that we also vary  ∈ [−1, 1] along with other parameters as mentioned in eq.(22).
8 At the current juncture, the neutrinoless double beta-decay (0νββ) experiments are the only experiments
which can probe the Majorana nature of neutrinos and lepton number violation [67]. The effective
Majorana neutrino mass matrix element mee governs the rate of such process.
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have χ2 < 30 whereas best-fit scenario is shown by black dot which corresponds to minimum
χ2 (χ2min ' 0.88) eV. The unitary mixing matrix at χ2min after symmetry breaking is given
by,
U =

0.8155 0.5596 −0.0064 + i 0.1485
−0.3812 + i 0.0896 −0.5605 + i 0.0613 0.6490
0.4163 + i 0.0836 −0.6009 + i 0.0572 0.7465
 , (43)
whereas the masses of three neutrinos are given as (m1,m2,m3) = (0, 0.0086, 0.0488) eV.
⨯
⨯
⨯⨯⨯
⨯ ⨯⨯
⨯⨯ ⨯⨯
⨯⨯
⨯
⨯
⨯ ⨯ ⨯
⨯ ⨯⨯
⨯⨯⨯
⨯
⨯
⨯⨯ ⨯⨯ ⨯ ⨯
⨯⨯
⨯ ⨯
⨯ ⨯⨯
⨯
⨯⨯ ⨯
⨯⨯ ⨯⨯
⨯
⨯
⨯
⨯⨯ ⨯
⨯ ⨯ ⨯⨯
⨯
⨯
⨯
⨯
⨯
⨯⨯⨯ ⨯
⨯
⨯⨯
⨯
⨯ ⨯
⨯
⨯
⨯⨯
⨯
⨯
⨯
⨯⨯
⨯ ⨯⨯⨯
⨯⨯ ⨯
⨯
⨯
⨯
⨯
⨯
⨯⨯⨯
⨯⨯⨯
⨯ ⨯ ⨯
⨯⨯⨯ ⨯
⨯
⨯⨯
⨯
⨯
⨯⨯⨯
⨯
⨯ ⨯ ⨯ ⨯⨯⨯
⨯
⨯ ⨯
⨯
⨯
⨯
⨯ ⨯
⨯ ⨯
⨯⨯
⨯
⨯
⨯ ⨯
⨯
⨯ ⨯ ⨯⨯ ⨯
35 40 45 50 55
-150-100
-500
50
100
150
θ23′ [deg ]
δ′ [de
g
]
⨯
⨯
⨯⨯
⨯
⨯⨯ ⨯⨯
⨯
⨯
⨯
⨯
⨯ ⨯ ⨯
⨯
⨯ ⨯⨯ ⨯⨯⨯ ⨯ ⨯⨯
⨯
⨯⨯
⨯
⨯
⨯
⨯
⨯
⨯
⨯
⨯
⨯⨯⨯ ⨯
⨯⨯ ⨯
⨯
⨯
⨯⨯⨯⨯
⨯
⨯
⨯
⨯
⨯
⨯
⨯ ⨯⨯
⨯
⨯
⨯
⨯⨯⨯
⨯⨯
⨯
⨯
⨯
⨯
⨯ ⨯
⨯
⨯
⨯
⨯
⨯
⨯
⨯
⨯
⨯
⨯
⨯
⨯⨯
⨯
⨯⨯ ⨯ ⨯⨯⨯
⨯
⨯
⨯
⨯
⨯
⨯⨯ ⨯
⨯
⨯
⨯ ⨯
⨯
⨯
⨯ ⨯
⨯
⨯ ⨯
⨯
⨯
⨯
⨯
⨯⨯⨯⨯
⨯⨯
⨯
⨯
⨯
⨯
⨯
⨯
⨯⨯
-3 -2 -1 0 1 2 3-0.2
0
0.5
1
1.5
Δθ13 [deg ]
Δθ 12
[deg
] ⨯⨯⨯ ⨯⨯ ⨯ ⨯⨯⨯ ⨯⨯⨯ ⨯⨯ ⨯⨯ ⨯⨯⨯⨯ ⨯⨯⨯⨯ ⨯⨯ ⨯⨯ ⨯⨯ ⨯⨯⨯⨯⨯ ⨯⨯ ⨯ ⨯⨯ ⨯⨯⨯ ⨯⨯ ⨯⨯⨯ ⨯⨯ ⨯⨯⨯ ⨯ ⨯⨯⨯ ⨯⨯⨯ ⨯⨯ ⨯⨯
⨯⨯ ⨯⨯ ⨯⨯⨯ ⨯⨯⨯ ⨯⨯ ⨯⨯ ⨯ ⨯⨯⨯ ⨯⨯ ⨯ ⨯⨯⨯⨯⨯⨯ ⨯⨯ ⨯ ⨯⨯ ⨯⨯⨯ ⨯⨯ ⨯⨯ ⨯ ⨯⨯⨯ ⨯⨯ ⨯ ⨯⨯⨯⨯⨯ ⨯⨯⨯ ⨯ ⨯⨯ ⨯ ⨯⨯⨯ ⨯ ⨯⨯⨯⨯ ⨯⨯⨯ ⨯⨯ ⨯⨯⨯ ⨯ ⨯⨯ ⨯⨯ ⨯⨯ ⨯⨯ ⨯⨯ ⨯ ⨯⨯⨯ ⨯ ⨯⨯ ⨯⨯⨯ ⨯⨯ ⨯⨯⨯ ⨯ ⨯⨯⨯ ⨯⨯⨯ ⨯⨯⨯⨯ ⨯ ⨯⨯ ⨯⨯⨯⨯ ⨯⨯⨯ ⨯⨯ ⨯
0.056 0.058 0.06 0.062
1
2
3
4
Σm ν [eV]
m
ee
[meV
]
FIG. 5: Correlation between neutrino oscillation parameters. Here, all the magenta points have χ2 < 30
whereas best-fit point is denoted by black dot and which has minimum χ2, χ2min ' 0.88.
From first plot, i.e., in (δ′, θ′23)-plane plot, we notice two branches of solutions corre-
sponding to maximal value of Dirac CP-phase, δ = ±90◦. A large deviation of around ∼ 10◦
favoring lower octant for θ23 from its maximal value i.e., θ23 = 45
◦ has been observed. For δ,
we also find a deviation of around ∼ 10◦ from its maximal value ±90◦. Investigating second
panel, we notice a negative as well as positive correlations between ∆θ13 and ∆θ12 around
their χ2min. Also, one observes five times larger deviation in ∆θ13 compare to ∆θ12. More-
over, from last panel, we observe that
∑
mν ∼ 0.06 eV which is expected to satisfy mass
squared differences of current oscillation data for the vanishing lowest mass in case of NO.
Also, the predicted mee is only around ∼ 4 meV in this case. Such small values of
∑
mν
and mee would be difficult to probe by 0νββ experiments and forthcoming cosmological
observations respectively.
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V. CONCLUSION
In this work, we implement µ − τ reflection symmetry in the low energy neutrino mass
matrix through type - I minimal seesaw formalism. This framework helps us to understand
the theory behind the origin of neutrino masses and their flavor mixing. An immediate
consequence of the concerned symmetry is that it leads to the atmospheric mixing angle,
θ23 = pi/4 and the Dirac CP violating phase, δ = ±pi/2 together with the Majorana phases,
ρ, σ = 0, pi/2. It also predicts non-zero θ13 unlike µ−τ permutation symmetry which predicts
a vanishing θ13. These predictions are in good agreement with the recent oscillation data.
Whereas the minimal seesaw framework gives rise to a vanishing lightest neutrino mass (i.e.,
m1 = 0) as this can still able to explain the observed two mass squared differences, namely
solar (∆m221) and atmospheric (∆m
2
31) mass squared differences. Further, we endeavor to
generate leptogenesis in the given framework. We find that the concerned model does not
lead to a non-zero CP asymmetry unless one introduces a minimal perturbative term to
the model. This term allows one to generate successful leptogenesis which is compatible
with the latest experimentally observed result. Afterwards, we proceed to discuss various
correlation study among high energy neutrino mass matrix elements as well as neutrino
oscillation parameters, respectively.
We give the analytical expressions of mixing angles, θ13, θ12 in terms of model parameters
along with the expressions of absolute neutrinos masses. Also, as the concerned model is
embroiled with a minimum number of free parameters which serves us to perform different
analytical correlation studies among low and high energy parameters in the framework of
µ−τ reflection symmetry. In this study, we find a good agreement between analytical study
corresponding to their numerically analysis. Later, to find the matter-antimatter asym-
metry of the Universe, we observe vanishing CP asymmetry within the formalism of exact
symmetry. To tackle the situation and to generate successful leptogenesis, we observe that
a minimal perturbation of the model is able to generate experimentally observed leptogene-
sis. Further, we find that a parameter of O(10−2) is able to engender non-zero leptogenesis
which further leads us to a sizable baryon-to-entropy ratio. This also break µ− τ reflection
symmetry and leads to non-maximal θ23, δ. Moreover, some linear correlations among the
parameters of high energy neutrino mass matrix elements have been observed. We find that
model parameter |a| lies in the parameter range (0.1 – 0.8)v whereas |b| falls in the range
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(0.05 – 0.35)v. Similarly, both the parameters of MR falls around ∼ 1014 GeV to explain
latest oscillation results. We also observe that the lightest heavy Majorana neutrino mass,
M1 is around 10
13 GeV in this model. Among neutrino oscillation parameter, we notice a
large deviation of O(10◦) for both θ23 and δ from their maximal values. Also, a five times
larger deviation of θ13 compared to θ12 from their best-fit values has been observed. In the
analysis, we also find that the given framework predicts a very small value of the effective
Majorana neutrino mass matrix element, mee of around 4 meV. Also, the sum of the active
neutrino masses,
∑
mν for NO of around 0.06 eV has been found in this scenario.
Finally, we conclude this work with a note that given the status of latest global-fit of
neutrino oscillation results, µ− τ reflection symmetry along with the minimal seesaw model
comes out as one of the finest theoretical approach to understand the origin of neutrino mass
and flavor mixing. In this paper, we have made an attempt to address both these issues
in substantial details. However, more and more neutrino oscillation data from the ongoing
and the forthcoming neutrino oscillation experiments, especially from those related to the
measurement of the atmospheric mixing angle and the leptonic CP-violation phase, will help
to rule out or verify different flavor models and strengthen our theoretical understanding.
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Appendix A: Mν in scenario SII of MD :
The low energy neutrino mass neutrino matrix, Mν can also be constructed considering
SII texture of MD as given by eq.(8) (here we use n = 1, η = (2l+ 1)pi, φm = (2m+ 1)pi with
m,n = 0, 1, 2...) along with MR as mentioned by eq.(9). Under type - I seesaw mechanism,
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one can express the final form of Mν as
−Mν = 1
r21 − r22

b2r1 −(b2r1 + iabr2) (b2r1 − iabr2)
∗ − (a2 − b2) r1 + 2iabr2 − (a2 + b2) r1
∗ ∗ − (a2 − b2) r1 − 2iabr2
 . (A1)
This can also be written as,
Mν =

A B −B∗
∗ C D
∗ ∗ C∗
 , (A2)
where, A,D are real and it has same form as eq.(17). Here,
A = b2r′1 ,
B = −(b2r′1 + iabr′2) ,
C = − (a2 − b2) r′1 + 2iabr′2 ,
D = − (a2 + b2) r′1 , (A3)
with r′1,2 = r1,2/(r
2
1−r22). Thus, we notice that this form of Mν also possesses µ−τ reflection
symmetry and gives same predictions as mentioned in eq.(5). Note also that one gets similar
form of low energy neutrino mass matrix either one chooses eq.(8), eq.(9) instead of eq.(14),
eq.(13) as they are related by 2-3 rotation matrix. Similarly, one can also show that the
textures SIII, SIV lead to the same form of Mν and hence lead to µ− τ reflection symmetry.
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